Background: The plasmonic breathing modes of a metallic nanodisc are dark plasmonic modes and thus also have the advantage of much smaller radiation loss. These modes emerged previously in electron energy loss spectroscopy experiments and were then pursued with optical excitation methods. Results: In this paper, through the finite element method type numerical simulations, we show evidence of the pure excitation of these modes under the illumination of two counter-propagating, radially-polarized optical beams. The obtained near-field spectrum of a single Au or Ag nanodisc shows the plasmonic resonant peaks at which the electric field distributions, as well as the plasmonic dispersion relationship both clearly exhibit the characteristics of the plasmonic breathing modes. Conclusion: We expect that the method that we have proposed, due to operating conveniently in the manner of far field excitation, will open many possibilities in practical applications based on the interaction between a single metal nanodisc with the radially polarized optical beam or between a metal nanodisc array with the beam array.
Background
As predicted [1] , the plasmonics of metallic nanostructures remain a robustly growing research theme, as reflected, for instance, in the fast progress of quantum plasmonics [2] , plasmon-induced hot carrier science and technology [3] , and plasmon-enhanced Raman spectroscopy [4] . Among the many forms of metallic nanostructures [5] , nanodiscs stand out as a very useful model for studying plasmonic properties. A metal nanodisc not only allows the coexistence of plasmonic resonances at all dimension levels, i.e., the volume, surface, and edge plasmonics [6, 7] but also possesses various types of surface plasmonic modes with well-defined two dimensional symmetries [8] [9] [10] , in particular the interesting case of the plasmonic breathing modes [6, 7, 10] .
The plasmonic breathing (PB) modes of a metal nanodisc are very special in the sense that they are radially symmetric and correlate with the intriguing collective radial oscillation of free electrons. Their appearance was first revealed in an electron energy loss spectroscopy study [10] . Their excitation by optical methods was considered to be difficult, because they are categorized as the dark modes owing to the null net electric dipole moment. Therefore, a recent experimental study [11] that showed that these modes can be excited under the oblique illumination of a linear polarized optical beam with the help of the retardation effect is notable. However, under this excitation approach, the PB modes are only weakly excited compared with the dominant plasmonic dipolar mode. Moreover, the other high-order plasmonic modes such as quadrupole and hexapole modes are also excited, which could overlay the PB modes. These situations were similarly encountered in the previous studies of optically excitation of the plasmonic dark modes based either on using the symmetry-breaking nanostructures or on employing the retardation effect [12, 13] .
Considering the unique symmetry and the low radiation loss of a dark mode [14] [15] [16] , it will be desirable to exclusively and efficiently excite the PB modes with an optical method, which will certainly boost the application of metal nanodiscs in research fields such as surface enhanced Raman scattering, plasmonic lasing, localized refractive index sensing [17] , local heating [18] , and plasmonic trapping [19] .
In this paper, we carry out a finite element method (FEM) numerical investigation to examine the interaction of an Au or an Ag nanodisc with two counter-propagating, radially polarized optical (RPO) beams. We find that only the PB modes will be excited if the axis of the incident beams coincides with that of the nanodisc. We systemically studied the near-field spectra, the electric field distributions correlated with the PB modes, and the dispersion relationship of these modes. To the best of our knowledge, such clear identification and detailed characterizations for exciting this type of mode with the RPO beam have not been reported. Previously, there were a few related demonstrations that either proved that the radially pointed plasmonic dark modes of the specifically patterned metal nanoparticle assembles can be excited by the RPO beam [20] [21] [22] or showed that the angular momentum is conserved when the high-order plasmonic modes of a metal nanodisc are excited by a focused optical vortex beam [23] .
Methods
We performed the FEM simulation in the Comsol Multiphysics software under the geometry configuration displayed in Fig. 1(a) . For simplicity, an isolated metal nanodisc in vacuum is considered. As we focused on the situation where the axis of the RPO beam coincides with that of the metal nanodisc (defined as the z-axis), the 2D rotationally symmetric model was applied. In our simulation, the RPO beam is created according to the paraxial expression given by
where w 0 represents the beam waist located at z = 0, G is the Gaussian envelope form, and W is the overall phase term including the Guoy phase. This formula [24, 25] is derived by considering that the RPO beam is actually composed of a right circularly polarized optical vortex beam with the topological charge of +1 and a left circularly polarized optical vortex beam with the topological charge of −1. We set E 0 = 1 V/m, w 0 = 10 μm, and the incident wavelength λ to be variable. The typical shape of the RPO beam with the null electrical field at the axis can be visualized clearly in Fig. 1 (a) (calculated at λ = 532 nm).
In our FEM simulation, we launched two RPO beams propagating face to face, as evidenced from the interference pattern shown on the side cross section of Fig. 1(a) . This was done to obtain a volume zone containing zero zcomponent of electrical field (E z ) so that a metal nanodisc can be contained there and the condition for the interaction with a pure radial polarized electrical field can be fulfilled. We found that the above condition cannot be achieved by launching only one RPO beam: the electrical field always has some z-component even at the beam axis (which actually agrees with the theoretical prediction [26, 27] ). Figure 1 (b) and 1(c), respectively, plot the magnified views of the electrical field distributions E r (r-component of the electrical field) and E z at the neighbouring area of the rotational axis and z = 0 plane. Obviously, there is a zone of approximately 20 nm height satisfying E z = 0 (in both figures, the colour background show the amplitude of the net electrical field). Therefore, we confined our study to the metal nanodisc with the thickness of 10 nm and with its mirror symmetrical plane on the z = 0 plane such that only E r is effective in exciting the PB modes of the nanodisc. Note that the total incident optical beam now has the symmetry of the point group D ∞h , the same as the nanodisc, whereas the single RPO beam can only be described by the point group C ∞v .
Results and discussion
We first considered the Au-nanodiscs with various diameters. To follow the scaling law already demonstrated for the PB modes [7, 10] , we varied the set diameters as d = 1200 nm , 600 nm , 400 nm , and 300 nm. To represent real conditions, we have used the Au dielectric functions reported by Johnson and Christy [28] . Figure 2 shows the results of the near-field spectra taken at the spatial point located on the Au-nanodisc axis and 2 nm above the nanodisc. Figure 2 (a) plots the electric field amplitude |E| versus λ the wavelengths of the incident RPO beam, Fig. 2(b) plots the phase ϕ versus λ, while the table in Fig. 2(c) lists all λ correlated to the surface plasmonic resonance (SPR) peaks appearing in Fig. 2(a) and zero-phase points in Fig. 2(b) .
As shown in Fig. 2(a) , for the 1200 nm Au-nanodisc, there are clear three SPR peaks, whereas two peaks are observed for the 600 nm Au-nanodisc and single peaks are observed for both 400 nm and 300 nm Au-nanodiscs. Going from the long λ to short λ (i.e., from low energy to high energy), it is obvious that the first SPR peak of the 600 nm Au-nanodisc coincides with the second SPR peak of the 1200 nm Au-nanodisc, the first SPR peak of the 400 nm Au-nanodisc coincides with the third SPR peak of the 1200 nm Au-nanodisc, and the first SPR peak of the 300 nm Au-nanodisc coincides with the second SPR peak of the 600 nm. These results clearly manifest the scaling law, which states that the SPR wavelengths λ SPR of the PB modes scale with the nanodisc diameter according to [7, 10] .
Figure 2(b) shows more interesting phenomena. The phase curves exhibit a series of π abrupt phase jumps near the SPR peaks shown in Fig. 2(a) . This is actually in agreement with the criterion for characterizing a general resonance [29] . Now, the fourth and the fifth SPR peaks of the 1200 nm Au-nanodisc, the third peak of the 600 nm Au-nanodisc, and the second peak of the 400 nm Au-nanodisc, which are all barely visible in Fig.  2(a) , can be easily identified. From Fig. 2(c) , we can see that each of the SPR phase jumps λ (same as the zerophase λ) is blueshifted relative to the corresponding SPR Fig. 1 a Geometric configuration of the FEM simulation, which shows the rotationally symmetric electric field amplitude distribution from two RPO beams transporting in counteracted directions; b Magnified view of the part of the side cross section in (a) with the r-component of electric field displayed as arrows (focal region without disc); c Magnified view of the part of the side cross section in (a) with the z-component of electric field displayed as arrows (focal region without disc). Each of the colour bars indexes the magnitude of the net electrical field amplitude amplitude peak λ. From the data presented in this table, it is easy to deduce that the scaling law of Eq. (2) holds for all SPR modes defined by the SPR phase jumps.
To confirm that the SPR modes excited by the RPO beam are indeed the PB modes, we then computed their electric field distributions. Several examples are displayed in Fig. 3 . Figure 3(a)-(d) show the n = 4 , 3 , 2 , 1 SPR modes for the 1200 nm Au-nanodisc, while Fig. 3(e) shows the n = 2 SPR mode for the 600 nm Au-nanodisc and Fig. 3(f) shows the n = 1 SPR mode for the 300 nm Au-nanodisc. Here, we illustrate the various SPR modes excited for a same Au-nanodisc using Fig. 3(a)-(d) , and compare the SPR modes for a different Au-nanodisc excited at a same incident wavelength using Fig. 3(a) , (e), and (f).
In each of these figures, the coloured background draws the snapshot of E z and the distributed arrows illustrate the snapshot of E ! . Here, the electrical field takes the normalized value, with the normalization obtained by dividing with |E r | of the RPO beam at the spatial point 2 nm away from the edge of each Au-nanodisc. We note that by using such normalization, the resultant value of E z and the arrow length of E ! both clearly reflect the enhancement factor and the excitation efficiency of these SPR modes excited by the RPO beam. At first glance, all electric field distributions display the apparent mirror symmetry with their vector nature. As the surface charge density is determined by E z at the surface (and the sign is determined by whether the direction of E z is pointed outwards from the nanodisc), the surface charge distribution thus also shows mirror symmetry. Adding the radial symmetry, these symmetric properties fit well with the fingerprints of the PB modes. Close examination of the electrical field distributions shown in Fig. 3(a) -(d) reveals their respective E z patterns on the Au-nanodisc surface show 4, 3, 2, and 1 nodes, which well characterize the first four PB modes of the 1200 nm Au-nanodisc. These patterns also show the similarity to the zero-order Bessel functions. Inspection of Fig. 3(a) , (e), and (f) shows that their respective E z patterns show 4, 2, 1 nodes. As the modes in these three figures are excited at the same incident wavelength, they should have the same λ SPR (considering the same dispersion relationship they should follow [7, 10] ), and the scaling law of Eq. (2) is clearly verified once again. Finally, we can also compare Fig. 3(e) with Fig. 3(c) and (f) with Fig. 3(d) , so that we can observe that the PB modes with the same index are merely rescaled by the changes in the nanodisc diameter.
It is then intriguing to further investigate whether these PB modes follow the dispersion relationship of the antisymmetric film surface plasmon (FSP) as has been claimed previously [7, 10] . The results are displayed in Fig. 4 . Here, the discrete data points are plotted according to the values listed in the table of Fig. 2 . The SPR energy is calculated as hc/(λe), and the SPR wavenumber takes the value of 2π/λ SPR with λ SPR determined by Eq. (2). The dispersion curve shown by the solid line is the result of the antisymmetric FSP calculated for the 10 nm thick Au film using [30, 31] :
where β is the SPR wavenumber, k 0 is the incident wave wavenumber, ε 1 is the dielectric function of Au [28] , and ε 2 = 1 is the dielectric constant of air. Here, the red dots represent the first five PB modes of the 1200 nm Au nanodisc, and the blue dot represents the third PB mode of the 600 nm Au nanodisc (the zero phase λ are used, as shown in Fig. 2(c) table) . The data points for the other PB modes listed in Fig. 2 (c) table will overlay with these red dots or the blue dot. Therefore, all obtained PB modes tightly follow the dispersion relationship of the Au antisymmetric FSP. Finally, we also endeavoured to perform a similar systemic study on the 10 nm thick Ag nanodiscs. The Fig. 4 Dispersion relationship of the PB modes compared with the dispersion curve of the antisymmetric FSP. Red and blue dots represent PB modes of the 10 nm thick Au-nanodiscs Fig. 3 Examples of computed electrical field distributions of the PB modes excited by the RPO beam (the electrical field is given in the normalized values by dividing with the electrical field amplitude of the incident beam at the point 2 nm away from the edge of each nanodisc). a-d PB modes of the 1200 nm Au-nanodisc excited at the incident wavelengths of 0.619 μm, 0.684 μm, 0.8304 μm and 1.291 μm, respectively. e-f PB modes excited at the incident wavelength of 0.619 μm for the 600 nm Au-nanodisc and the 300 nm Au-nanodisc, respectively. As can be determined in Fig. 2(c) , all of these wavelengths are slightly larger than the zero phase wavelengths. From (a)-(f), the arrows are plotted with the relative length scale of 1:1:1:1.5:1:0.5 (the smaller scale means that the same length represents smaller electrical field amplitude) results of the near field spectrum of the 1200 nm Ag nanodisc and the dispersion relationship of its PB modes are both plotted in Fig. 5 . The Ag dielectric function from [28] is also applied. As seen, the obtained results are consistently similar to those obtained for the Au nanodisc.
In our current simulation, we considered the ideal simplified case that the RPO beam is not tightly focused. As the beam waist must be set to be much larger than the incident wavelength to satisfy the paraxial transport condition, the total portion of the light energy utilized to excite the PB modes of the metal nanodisc is limited. However, our intention here is to show the first step to prove that the pure radially pointed electrical field of the RPO beam can efficiently excite the PB modes where the excitation efficiency is defined relative to the beam intensity at the point close to the nanodisc edge instead of to the maximum intensity across the whole beam. We will extend our study to the more practical case with the focused RPO beam in the next report where the effects of E r and E z on the PB mode excitation both need to be taken into account. Moreover, we will also upgrade to a 3-dimensional model, which allows us to investigate other realistic conditions such as the case when a supporting dielectric layer for the metal nanodisc is present, when the RPO beam is not perfectly aligned with the metal nanodisc and when the metal nanodisc is not perfectly shaped as a circle.
Conclusions
To summarize, we proposed the use of radially polarized optical vector beams to excite the plasmonic breathing modes of a metal nanodisc and confirmed this capability through the finite-element method simulation. The near field spectra and the dispersion relationships presented in Figs. 2, 4 , and 5 strongly supported the scaling law given by Eq. (2) for the metal nanodisc PB modes. Accordingly, one of the unique advantages of applying the metal nanodisc in plasmonic studies is that the plasmonic resonant wavelengths of its plasmonic breathing modes can be predictably tuned by adjusting the nanodisc size. Considering the fast expansion of the research directed at the application of optical vector beams to interact with nanostructures [32] , we believe that the method demonstrated here will facilitate the study of dark mode surface plasmonics and will be applied to some practical designs such as the metal nanodisc based gap mode surface enhance Raman scattering and tip enhance Raman scattering, and the metal nanodisc array based plasmonic trapping and heating. 
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